Topological phases of electronic systems often coexist in a material, well-known examples being systems which are both strong and weak topological insulators. More recently, a number of materials have been found to have the topological structure of both a weak topological insulator and a mirror-protected topological crystalline insulator. In this work, we first focus on the naturally occurring mineral called Jacutingaite, Pt 2 HgSe 3 , and show based on density-functional calculations that it realizes this dual topological phase and that the same conclusion holds for Pd 2 HgSe 3 . Second, we introduce tight-binding models that capture the essential topological properties of this dual topological phase in materials with three-fold rotation symmetry and use these models to describe the main features of the surface spectral density of different materials in the class.
Introduction. The understanding of bulk-boundary correspondence in condensed matter systems -namely, the connection between bulk topological invariants and electronic properties at the system boundary -has come a long way since the discovery of the quantum Hall effect [1] . This path exhibits as hallmarks the generalization to systems with timereversal symmetry, which lead to the discovery of topological insulators (TIs) [2] [3] [4] , the subsequent understanding of the role played by crystalline symmetries, which lead to the identification of weak topological insulators (WTIs) [4, 5] and of topological crystalline insulators (TCIs) [6, 7] , and the comprehension of how the correspondence works in topological semimetals [8] [9] [10] [11] . Recently, the relation between bulk and boundary has been further extended by the discovery of higher-order topological insulators (HOTIs) .
The identification of materials that can realize topologically nontrivial phases is naturally important. Recently, it was predicted that a two-dimensional (2D) monolayer of the naturally occurring mineral called Jacutingaite [37] , Pt 2 HgSe 3 , can realize the quantum spin Hall insulator (QSHI) state [38] . Furthermore, it was argued that the competition between large spin-orbit coupling, associated with Hg and Pt atoms, and inherent lattice instabilities towards the breaking of inversion symmetry lead to a topological state robust at room temperature and switchable by external electric fields. First experimental results on the QSHI state have been reported [39] , and it was suggested that the monolayer may become superconducting as well [40] . In view of these results, it is of interest to study the topological properties of the electronic structure in the three-dimensional (3D) compound.
In this work, we first address this issue and show that Pt 2 HgSe 3 is both a weak topological insulator and a mirrorprotected topological crystalline insulator. This result places Jacutingaite in the list of materials which can host surface states protected by different, unrelated crystalline symmetries, like Bi 2 TeI [41, 42] , Bi 2 TeBr [43] , BiSe [17] and BiTe [44] . Second, we construct minimal tight-binding models that capture the essential topological properties of this dual topological phase in materials with three-fold rotation symmetry and compare their associated surface spectral density with those of different materials in the class.
Topological characterization. Pt 2 HgSe 3 and Pd 2 HgSe 3 are layered compounds with space group P3m1 (164) [37, 45] . The Hg atoms are positioned in a triangular environment delimited by planes of Se and Pt (or Pd) and form a buckled honeycomb lattice [see Fig. 1a ]. We performed fully relativistic density functional theory (DFT) calculations using the generalized gradient approximation (GGA) for the exchange and correlation functional [46] , [47] . In the following, we base our discussion on the Pt compound, but similar results are obtained for the Pd case (presented in the Supplemental Material [48] ). Figure 1c shows the band structure of Pt 2 HgSe 3 , which indicates that the material is a semimetal with small electron and hole pockets. Similar to Bi [18] , the spin-orbit coupling (SOC) opens a gap (∼ 20 meV) between the valence and conductance bands throughout the BZ, which allows us to characterize the topological structure of the valence bands. We first focus on the Z 2 time-reversal polarization invariants [4, 49] . Since the system has inversion symmetry, we use the Fu-Kane formulas based on the parity of the occupied Bloch states at the time-reversal invariant momenta (TRIM) in the Brillouin zone (BZ) [50] . The TRIM are sketched in Fig. 1b and the parity invariants take the values δ(X) = δ(R) = 1 and δ(Γ) = δ(Z) = −1. Hence, we obtain the four Z 2 indexes (ν 0 ; ν 1 ν 2 ν 3 ) = (0; 001), where ν 0 is the strong topological invariant and ν 1,2,3 are the three weak topological invariants. This result is consistent with the idea of engineering weak topological insulators by stacking QSHI layers along one direction, previously realized in KHgSb [51] , Bi x Se y [52] and Bi 14 Rh 3 I 9 [53] . Namely, if the stacking preserves translational invariance along the stacking direction, z in our case, the helical edge states associated with each QSHI layer form surface Dirac cones at momenta k z = 0, π. As long as translation symmetry is preserved, the surface Dirac cones cannot hybridize and gap out, since they occur at different k z .
We note in passing an ambiguity associated with the methodology used for computing the parity invariants. While our calculation includes all of the occupied Kramers pairs, ab-initio methods based on pseudo-potentials necessarily constrain the calculation to states in a certain energy windows and this may result in a global sign difference of the parity invariants. For instance, when performing calculations using the vasp code [54, 55] , we obtained the opposite indexes, +1 at Γ and Z and -1 at the other TRIMs [56] . This ambiguity is nevertheless of little importance, since predictions regarding the surface spectral density involve in general a product of an even number of parity invariants [57] .
An alternative view of the nontrivial topology is provided by the framework of elementary band representations (EBRs) [58, 59] . According to this view, the nontrivial topology should be reflected in the fact that it is not possible to decompose the occupied bands into physical EBRs. In centrosymmetric systems, a distinctive property of physical EBRs is that the number of parity eigenvalues equal to −1 per Kramers pair must be a multiple of 4, a fact that provides a simple criterion to assess whether a material is topologically trivial or not [60] . We find that the number of negative parity eigenvalues modulo 4 to be 2, thus demonstrating nontrivial topology [61] .
The stacking of 2D Pt 2 HgSe 3 layers in 3D Jacutingaite preserves symmetries other than translation, which can lead to additional topological invariants. In particular, in this work we focus on the reflection symmetries: one mirror plane in momentum space contains the points Γ, Z and X, while two additional mirrors are obtained by 2π/3 rotations with respect to the z axis [see Fig. 1a and b]. Since a mirror rotates the electron spin by an angle π, it leads to a wavefunction of opposite sign when applied twice. Therefore, the mirror symmetry operator satisfies M 2 = −1 and, accordingly, Bloch states belonging to a mirror plane can be labeled with a mirror eigenvalue equal to ±i. This introduces a partition of the space formed by Bloch states with momentum in the mirror plane into two subspaces and allows to define a Chern number in each of them as
Here, n labels occupied states, dS is a differential surface element of the mirror plane M and Ω ± n (k) is the Berry curvature associated with the subspace of mirror eigenvalue ±i. It is computed as
the Berry connection, and |u ± nk the Hamiltonian eigenstates within a given subspace. A non-zero mirror Chern number,
, signals the existence of topologically protected states on surfaces that preserve the mirror symmetry. In Pt 2 HgSe 3 and Pd 2 HgSe 3 we obtain C M = −2 for each of the three mirror planes, which means that these materials can realize helical HOTI phases under suitable surface perturbations, as shown in Ref. [17] .
Surface Dirac cones. We now present surface spectral densities computed for semi-infinite systems obtained by cutting the crystal perpendicular to the [100] or [001] directions. In both cases, we chose surfaces terminated by Hg atoms. For these calculations, we built a tight-binding Hamiltonian based on Wannier functions associated with orbitals 6s, 6p, and 5d of Hg and of Pt, and 4p of Se. The Wannier-interpolated bandstructure accurately reproduces the DFT results in the energy range [−9 eV, 5 eV]. Figure 2a shows the momentum-resolved spectral density associated with the [100] surface along a path connecting the surface TRIMsΓ,X,R, andZ [see Fig. 1b ]. The spectral density features two Dirac cones, one centered atX and one at R. The connectivity of these surface states with the projection of the bulk valence and conduction bands is consistent with the surface fermion parity invariants, which can be computed from the bulk parity invariants as π(Λ a ) = (−1) [57] . Here, Γ i, j are the bulk TRIMs, whose projection coincides with the surface TRIM Λ a , and n b is the number of occupied Kramers pairs. The opposite parity invariants at Γ and X makes π(Γ) and π(X) have opposite signs. This reflects a change in the time-reversal polarization on going fromΓ toX and, accordingly, along a path connecting these points, surface bands must intersect an odd number of times a generic Fermi energy lying within the bulk gap, as observed. On the other hand, π(X) = π(R), such that surface states along this path do not connect bulk valence and conducting states. Lastly, the odd number of intersections should occur also alongR -Z, but on this path the bulk state projections overlap, such that the surface gap closes.
Finally, Fig. 2b shows the spectral density associated with [44] and BiSe [17] . Specifically, we will construct systems with three-fold rotation symmetry, which are both WTI and TCI [62] . Our models consist of two coupled strong 3D TIs, a construction similar to the so called "double strong TI" of Ref. [63] . Each strong TI is defined on a triangular lattice with Bravais vectors a 1 = (1, 0, 0), a 2 = (−1/2, √ 3/2, 0), and a 3 = (0, 0, 1), as shown in Fig. 3a . Its momentum space Hamiltonian takes the form:
Here, k = (k 1 , k 2 , k 3 ) is the crystal momentum vector, where k j = k · a j . The matrices Γ 1 = τ z σ 0 , Γ 2 = τ x σ x , and Γ 3 = τ y σ 0 , where Pauli matrices τ encode the degree of freedom associated with two orbitals per site, whereas Pauli matrices σ parametrize the spin degree of freedom. Further, the matrices Γ 2,1 and Γ 2,2 are obtained from Γ 2 by applying a three-fold rotation around the z axis:
The scalar function f (k 1 , k 2 ) encodes the in-plane hoppings of the model, and for Eq. 2 to describe a strong TI, it must be such that the system presents band inversions at an odd number of TRIMs. In the following we consider two specific examples of f (k 1 , k 2 ) that will allow us no only to describe Jacutingaite but also to connect with other materials predicted to be both WTI and TCI [41, 44] . The function is such that H TI has either one band inversion at k = (0, 0, 0), or a total of three band inversions at (0, π, 0), (π, 0, 0), and (π, π, 0). The resulting functions are:
cos(2C (5) where C 3 denotes the action of a three-fold rotation on a momentum component:
For both choices of f (k 1 , k 2 ), the Hamiltonian Eq. (2) obeys an inversion symmetry I = τ z σ 0 , time-reversal symmetry T = iτ 0 σ y K with K complex conjugation, as well as the three-fold rotation symmetry C 3 of Eq. (3):
Its topological structure is determined by the values of µ and λ. For both f (Γ) and f (X) , setting µ = 3 and λ = 1, the model realizes a strong 3D TI with Z 2 indices (ν 0 ; ν 1 ν 2 ν 3 ) = (1; 000) . Crucially, the model Eq. (2) is also mirror symmetric. There exists a mirror symmetry on the k 1 = −2k 2 plane of the BZ,
as well as two other mirror symmetries obtained through rotation,
, with mirror planes k 2 = −2k 1 and k 1 = k 2 , respectively. On each mirror-invariant plane, H TI can be block-diagonalized into sectors corresponding to mirror eigenvalues ±i. By computing the Chern number associated with each sector, Eq. (1), we find a mirror Chern number C M = −1 on each of the mirror planes. As such the tight-binding model of Eq. (2) is simultaneously a strong 3D TI and a TCI.
We will follow our construction of a dual WTI and TCI Hamiltonian using the case f = f (Γ) (k 1 , k 2 ), for which the Hamiltonian takes the form used in Ref. [18] and hosts a single Dirac cone on each surface of the system, positioned at theΓ point of the surface BZ. Similar steps are presented in Supplemental Material for the case defined by Eq. (5) [48] . We consider two copies of H TI which are displaced relative to each other by half of a unit cell in the z direction [64] . The full momentum space Hamiltonian is an 8 × 8 matrix having the block form
where ε is a relative energy shift between the two TI blocks, A(k 1 , k 2 ) is a coupling term (to be defined later), and α is its strength. For α = 0, the Hamiltonian Eq. (8) is a block-diagonal double strong TI which obeys the same symmetries as H TI . Time-reversal, inversion, rotation, as well as the three mirror symmetries have the same matrix structure in τ and σ space, and are block-diagonal in the space of the two 3D TIs. There are now, however, two band inversions in total. The upper block contributes a band inversion at k = 0, as discussed before, whereas the lower one has inverted bands at k = (0, 0, π), due to the extra momentum shift. As such, the parity invariants associated with Eq. (8) are identical to Pt 2 HgSe 3 , δ(Γ) = δ(Z) = −1, marking it as a WTI with Z 2 indices (ν 0 ; ν 1 ν 2 ν 3 ) = (0; 001). A [100] surface will exhibit two surface Dirac cones, one at k z = 0 and one at k z = π, protected by time-reversal and translation along z.
By combining two TI blocks, we have obtained a system with a trivial strong index, ν 0 = 0, due to the latter's Z 2 classification. Mirror Chern numbers, on the other hand, have an integer classification, which means that the Hamiltonian Eq. (8) is also a TCI with mirror Chern numbers given by the sum of the invariants in each block. We find C M = −2 on each of the three mirror planes, reproducing the behavior of Pt 2 HgSe 3 and Pd 2 HgSe 3 . Due to this dual topology, H will exhibit surface Dirac cones not only on its side surfaces, but on the top, [001] surface as well. For α = 0, there are two surface Dirac cones positioned at theΓ point of the surface BZ and at energies ±ε.
As long as the two TI blocks remain uncoupled, the surface Dirac cones are orthogonal to each other, such that a circular band crossing occurs at E = 0 whenever ε 0. This band crossing, however, is an artifact of the block-diagonal nature associated with the choice α = 0. For α 0, the two TI blocks couple, lifting the degeneracy. We choose an off-diagonal coupling term
which preserves time-reversal, inversion, as well as rotation and mirror symmetries. Due to this term, the circular band crossing is lifted everywhere except on the three mirror planes. The result is that the [001] surface now hosts a total of six Dirac cones. On each of the three mirror planes there exists a pair of Dirac cones positioned symmetrically aroundΓ due to time-reversal symmetry, as shown in Fig. 3b for a slab geometry calculation. Their position can be tuned with the relative energy shift of the two TI blocks, ε. Fig. 3c shows the bandstructure along a mirror plane in a larger energy scale. Notice that the branches of the two E = 0 Dirac cones positioned symmetrically aroundΓ can intersect at the TRIM giving rise to a second pair of Dirac cones. In a given material, details of the bulk band structure and of the surface potential will dictate if all or some of these four Dirac cones are observed. For instance, DFT calculations in Bi 2 TeI [41] have highlighted Dirac cones both atΓ and away from the TRIM, and similar results are found in Bi 2 TeBr [43] and in BiTe [44] . Different to these materials, Jacutingaite has two observable surface Dirac cones atX (see Fig. 2b ), while the possible Dirac cones away of the TRIMs are hidden by the projection of the bulk spectral density. This scenario is better described by Hamiltonian Eq. 8 with the choice f (k 1 , k 2 ) = f (X) . In this case, as Fig. 3d depicts, the Dirac cones are positioned closer to and symmetrically with respect to (π, π, 0).
Conclusion. We have shown that the recently synthesized Pt 2 HgSe 3 and Pd 2 HgSe 3 belong to the class of systems that simultaneously realize WTI and TCI phases. In addition, we have introduced a set of tight-binding models that contain the essential properties of this dual topological phase, reproduc-ing the main features of the surface spectral densities which have been predicted for different materials in the class. We hope that our work will motivate experimental studies on Jacutingaite, aimed at probing the topology of its surface modes, such as angle-resolved photo-emission spectroscopy, or scanning tunneling spectroscopy. Further, the tight-binding models we have introduced will allow for a better theoretical understanding of WTI+TCI materials, including the behavior of the system under various surface perturbations, for which it can become a HOTI [17] , the behavior of modes localized to step edges, which have recently been reported in Bi 2 TeI [42] , as well as the effect of disorder.
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